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PREFACE

When the metric camera, stellar camera, laser altimetey package was
implemented for the later Apollo missions it was evident that one of the
major projects which could be performed was the establishment of a Seleno-
centric Control Network. Two memhers of the Apollo orbital Science Photo et
Team, Frederick J. Doyle of the U.S. Geological Survey and Hellmut H. Schmid
of the National Ceodetic Survey, prepared essentially parallel proposals
to perform this task. The analytical approach in each of the two proposals
was nearly jdentical and it was obvious to the proposers that there would
be little point in NASA undertaking both of them. By agreenent within the
Orbital Science Photo Team it was decided to submit a single proposal in
response to memo change 36-NHB 80301A of February 1, 1971. Dr. Schmid would
be the Principal Investigater with Mr. Doyle as Co-Investigator.

Contract T-1168B for experiment 5-213 entitled Selenocentric Geodetic
Reference Systenm was awarded by NASA LBJ Space Center to the Geodetic
Research and Development Laboratory of National Ocean Survey, and initial
funding was provided in February of 1972.

Software development was begun fmmediately. Photographic mensuration
was to be supplied by DMA/AC and DMA/TC, but this proceeded much more
slowly than had been anticipated. Actual computations using real data
were not begun until spring of 1974,

In January of 1974, Dr. Schmid went O Switzerland as 2 Visiting
Professor at the Technical University in Zurich. Mr. Doyle took over
the reSponsibilities of Principal Investigator. In September of 1974
Dr. Schmid retired from the National Geodetic Survey and moved permanently
to Switzerland. By letter dared November 12, 1974, from My. Noel Hinncrs
to the U.S. Geological Survey, Mr. Doyle was appointed Principal Investi-
gator with Mr. James R. Lucas of National Ceodetic Survey as Co-Investigator.
Contract administration remained with National Ceodetic Survey.

This document is the £inal technical report for contract T-1168B.
Principal authers are frederick J. Doyle, Atef A. Elassal. and James R. Lucas.

The authors wish to acknowledge the technical contribution of the following
i{ndividuals at warional Geodetic Survey:

Robert Hanson Chester Slama
Myron Lawrence Allen Pope
Anna Mary Miller

Mr. Bernard Chovwitz was administrative officer at wational Geodetic
Survey and Mr. §. Xat Hardee, Jr. wWas the Contract Administrator at
Johnson Space Center.
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SELENOCENTRIC GEODETIC REFERENCE SYSTEM
Frederick J. Doyle
Atef A. Elassal
James R. Lucas

1. Introduction

4 After the successful landing on the Moon by Apollo 11, NASA
3 chartercd the Apollo Orbital Science Photo Team, with Frederick J.
1 Doyle as chairman, to plan and supervise the acquisition of orbital
science photography on the remaining missions. At that time the
Apollo Program was planned for a total of twenty missions, and it
was contemplated that several of these would be in high inclination
orbits—perhaps even polar.

1 The Team immediately undertook development and implementation of
E a photogrammetric system which would provide accurate selenodetic
positions and topographic mapping of all areas overflown by the
orbital spacecraft. The recommended system was operational by
Apollo 15. In the meantime the program was reduced from twenty to
seventeen missions, and the selection of landing sites reduced the
total amount of coverage drastically below what had been anticipated.

The photogrammetric system was installed In the Scientific
Instrument Module (SIM) bay of the Apollo Command Service Module (csM).
The system consisted of a 76-mm focal length mapping camera with
749 x 74° angular field, coupled with a stellar camera of 76-mm
focal length and 18° x 24° angular field, and a laser altimeter with
a 300 y radian angular field and a least count of 1 meter. In
additfon, a panoramic camera with 610-mm focal length and 119 x 108°
coverage was included to provide adequate resolution to support large-
scale mapping.

In theory, this system provided everything (focal length excepted)
that a photogrammetrist could want: The position of each exposure
sratfon would be obtained from Earth-based tracking; the orientation
of each photograph could be computed from the synchronized stellar
exposure and the lock-angles determined by preflight calibration;
and the scale of cach stereomodel weuld be obtained directly from the
altireter data.

Operationally, the data acquisition was adequate, but less than
optimun. Orbital ephemerides provided by NASA were found to have
large systematic deviations from the photogrammerrically determined
spacecraft positions, at least for Apollo 15. For the other two




missions the deviations were smaller, but far from incignificant.
These systematic errors are believed to be the result of the primitive
orbit determination procedures in use at the time of the Apollo 15
mission, inadequate models of the lunar gravity field, and spacecraft

oscillations induced by uncoupled thrusting and various activities
of the astronauts.

The stellar camera, which was aimed near the pole of the orbic,
was expected to provide mapping camera roll and yaw good to 5 arce
seconds and pitch to 15 arc seconds. The larger pitch error is
a consequence of the angular field of view of the stellar camera,
which limits the precision of stellar camera yaw, and this angle
corresponds to mapping camera pitch. Most of the stellar derived
orientations were at or near the expected precision. but approximately
15 percent had errors several times this magnitude due to the small

number and poor distribution of stars of sufficient brightness to be
imaged by the stellar camera.

Furthermore, the laser altimeter failed early in the data col~
lection phase of mission 15 and did not always function properly during

the later missions. Consequently, range data were available for much
less than half of the usable exposures.

The original objectives of the research effort were:

(a) Provide a single integrated selenocentric control network
with geodetic positions and elevations for numerous points
within the area photographed

(b) Provide a complete error analysis of the control network

(c) Provide an independent solution of lunar physical libration
parameters for the time of each mission

(d) Provide a unified set of spacecraft positions as an aid to
eventual refinement of the lunar gravity field

(e) Derive a mathematical ellipsoidal figure for the Moon.

As the limitations in coverage and data quality developed, it became
apparent that less than optimum results could be obtained. Particularly
damaging was the failure to close the band of photography completely
around the Moon. UNearly as bad was the limitation in latitude resulting
frou the selection of landing sites. These necessitated dropping
cbjective {(e) entirely, and greatly degraded the quality of results

for objectives (a). (¢), and (d).




An independent triangulacion of the Apollo photographs was
performed by the Defense Mapping Agency (DMA) to establish control
for the mapping which was thelr primary responsibility.  There are

four significant differences between the DMA solution and that per-
formed by NOS/USGS:

(a) DMA used the orbital constraints provided by the tracking
data to force a best fit between tracking and photogrammetry,
while NOS/GS elected to abandon all tracking data fer a
purely photogrammetric solution.

(b) DMA transformed the camera orientations from the inertial
reference frame into the selenocentric coordinate system of
date using the Koziel model for lunar librations, while
NOS/GS used a model developed more recently by Eckhardt (1973).

(¢) DMA first reduced mission 15 and then fit 16 and 17 to these
results, while NOS/GS performed s simultaneous adjustment
of all three missions.

(d) The computer program used by DMA did not include a covariance
propagation capability.

Item (a) amounts to a fundamental difference in approach. Item
(b) is explained in a subsequent section of this report. Items (c)
and (d) are both related to the same operational problem: the simul-
taneous solution for 23,436 unknown parameters with complete co-
variance propagation requires a tremendous amount of "computer muscle,"
a program that can be tailored to the specific problem, the latest
adjustment techniques, and a bit of luck.

2. Data Preprocessing

Selection, identification, and measurement of the terrain imagery
were accooplished by the Defense Mapping Agency (DMA), which alse per-
formed the stellar mensuration and computed the camera orientation
angles. Terrain image measurements and computed orientations were

then supplied to the National Ocean Survey and the Geological Survey
by DMA.

These data consisted of 12 passes (726 photos) from mission 15
and 8 passes (327 photos) from mission 17 which, together, covered a
suath of varying width. The left hand liwmits arc 32Y W iatitude,
2959 longitude (measured eastward from the prime meridian) ; the right
hand limizs are 240 § latitude, 205° longitude. Along the equator,
coverags is from 359 to 140° longitude. This swath is crossed at
about 70° longitude by four passes (191 photos) from mission 16, which
extended from 12¢ S latirude, 330° longitude to 12° N latitude,




155° longitude.

An inordinate portion of the manpower exprnded on this project
was devoted to the preprocessing of these data, due primarily to the
inability of the NOS computer to read any magnetic tape written by
the DMA computers. A tape containing the mission 15 data could not
be read on the first attempt because of parity error in a single
record in the body of the data. A program was devised to skip records
that were damaged by parity errTors. On the second reading, more than
100 apparent parity errors were encountered, some of which had not
been detected on the first reading. It appeared that thesc were caused
by weak recorded signals that were below the threshold of the NOS reader
heads, and that the recorded data were deteriorating with each reading.
To make matters worse, through a misunderstanding, the data extracted
from the tape on the second reading were destroyed before they could
be copied to an NOS tape. The theory of continuing data deterioration
was verified when, on the third and final reading, 600 records were
lost to parity errors. These were finally recovered by key punching
from hard copy supplied by DMA.

The data from mission 16 were supplied on cards, and the mission
17 data tape was read with only a few parity errors. However, shortly
after the mission 16 data were reformatted and set up for use, DMA
discovered a calibration error which invalidated these data and, sub-
sequently, supplied a new set. Unfortunately, the new mission 16 data
were completely unedited. A large number of misidentified images,
causing residuals ranging from hundreds of microns to hundreds of milli-
meters, severely limited the size of data samples that could be
handled in editing adjustments. ’

Furthermore, the mass of image data that had been measured by
DMA, in order to insure a sufficient density of terrain points, served
to increase the running time of all programs to a prohibitive level
without contributing significantly te the quality of the results.
Therefore, a program was devised to identify those terrain points
whose images occurred in geometrically desirable areas on at least one
photograph, i.e., within 5 millimeters of one of the 9 cardinal points.
By discarding all terrain points that did not meet this criterion,
the data set was reduced to manageable proportions without compromising
the geometry. In fact, some frames contained more than 60 images of
selected terrain points. :

Fortunately. the orientation data supplied by DMA were in the Mean
Celestial Coordinate System and had to be transformed into the True
Selenoccentric System of date. This facilitated the change of libration
zodels, from Koziel to Eckhardt, which was found to be desirable afrer
the preprocessing was nearly complete.



Just when it appeared that all data from all missions were
correct and in the proper form, a number of ambipuities were
discovered. Some of the numbers assigned to frames from mission 15
were duplicated on mission 17, and to make matters worse, the
terrain points associated with laser range observations were assigned
the same number as the exposure station with which they coincided.
Apparently the adjustment programs used by DMAAC were capable of
recognizing two or more separate entities with the same identifying
number, but the MUSAT Program used by NOS/GCS was not. Therefore,
the exposure numbers of mission 17 had to be modified (these were
changed back to their original designation for reporting their
positions in Appendix B of this report), and some of the ground point
aurbers had to be modified. While this was not a large task, it
required a large number of cards to be punched by hand, and extended
the preprocessing time by several weeks.

3. Libration Model

Reduction of the stellar frames provides the orientation of each
terrain exposure in the mean celestial coordinate system of 1950.0.
The photogrammetric adjustments, on the other hand, must be performed
in the true selenographic coordinate system of date. Transformation
between these two coordinate systems requires a mathematical model of
the lunar librations: the periodic variations in the orientation of
the Moon's pole and fluctuations in its rate of rotation.

At the time when DMA began reducing Missfon 15, available models
of lunar librations were derived primarily from Earth-based optical
observations. After consideration of models by Hayn, Koziel, and
Eckhardt, DMA found that the differences among them were insignificant
for the Apollo reduction and chose the Koziel model. By the time
NOS/CS had all of the Apollo data in hand, more sophisticated models
had been developed, using lunar laser ranging data and improved
estimates of the third and fourth harmonic of the lunar gravity field.
Consultation with scientists working in this field led us to prefer
an improved Eckhardt medel, and Don Eckhardt of AFCRL provided
a computer program to employ this model.

A termby-term comparison of the Koziel and Eckhardt models is
provided by the following three tables, in which:

t is the mean anomaly of the Moon,
L' is the mean anomaly of the Sun,
F is the geocentric angular distance from the ascendirng

node of the lunar orbit to the Moon, and
b {s the geocentric angular separation of the Sun and Moon.




Table 1
Libration in Node (o)

116
- 1 + 42' + kF +
o= 1 3. S_sin (it + j2' + kF + uD)
=1
116

+ E C, cos(i2 + j&" + kF + mD) - 8V12 sinQ + ...

n=1
where

I = 1932'30705 = 5400"

¥oziel Model
11
g . 1 S_ sin(gt + jL' + kF + =D)
sin 1 :E: n
n=]l
wvhere

1 = 1°32'20%0

and
Eckhardt Model Koziel Model Argument  Period
sn cn Sn C“ i § k m (days__
~101"53 -0%"09 =-10278 1 0 0 0 27.55
0.32 76.42 0.0 0 0 1 0 27.21
~-24.77 0.15 -28.2 1 0-~2 0 26.88
-10.10 -0.00 -11.1 0 0 2 0 13.61
-3.00 -0.00 -3.3 0 0 2 -2 173.41
2.47 -0.00 2.2 1 0 0 -2 Jji1.81
0.00 1.37 0.0 1 01 0 13.49
-0.90 -0.00 ¢.0 2 0 0 0 13.78
~0.81 -G.00 -0.6 1 0 2 0O 9.11
0.71 0.68 0.0 1 0-1 0 2195.12
~-0.19 -06.01 0.1 2 0 -2 0 1097.56




Table 2

Libration in Inclination (p)

Eckhardt Model:

100
0 = Z s_ sin(ig + j2' +KF + mD)

n=]

100

- 2 : Cn cos(il + jR' + kF + mD) + 824 cosQ -
n=]l

Yoziel Model:

11
P = E Cn cos{it + j1' + kF + nD)
n=}
'I’ shere

Eckhardt Model Koziel Model Argument Period
Sn C, Sn Cn i 4 k n (days)
ov -99723 -100%8 1 0 0 o 27.55
-76.46 0.32 0.0 0O 0 1 0 27.21
0.14 24.84 28.2 1 02 0 26.88
0.00 -10.56 -11.1 0 0 2 0O 13.61
0.00 -3.08 -3.3 0 0 2 -2 173.41
-0.00 -1.94 -2.2 1 0 0-2 31.81
0.00 -0.73 -0.6 1 0 2 @O 9.11
-0.16 -0.73 0.0 1 0-1 © 2185.12
-0.70 0.00 c.0 1 ¢ 1 0O 13.69
-G.00 0.51 0.0 1 0o 2 -2 23.78
-0.01  -0.03 -0.1 Z 0-2 0 1097.56




Table 3
‘ Libration in Longitude (1)
Eckhardt Model:

73 73
T
T = gil Sn sin (12 + jo' + kF + mD) + Eul Cn cos (i2 + jR' + kF + mD)

~7"44 sinfl + 14727 sin(193% 4 - 0.004t) + ... + 254267

Koziel Model:
i 12 -
. t= Y S sin(it + j2' + kF + uD) + 76 sind
3 n=1
where
3 Eckhardt Model Koziel Model Period
S5, ¢, 5p ¢, i J k m (days)
4 90730 001 824 0 1 0 0 365.26
1 19.10 0.67 -7.5 2 0 -2 0 1097.56
-16.70  -0.01 -15.6 1 0 0 © 27.55
9.88 0.03 9.0 2 0 0 -2 205.95
1.46  -B.64 0.0 1 0 -1 0 2195.12
4.10 -0.00 3.7 1 0 0 -2 31.81
4 -3.44  -0.00 -3.2 1 0 0 -1 411.90
3 1.64 0.00 1.7 0 0 2 -2 173.41
4 -1.22 0.00 0.0 1 -1 0 -1 3225.81
0.95 0.00 0.8 2 -1 0 -2 472.19
-0.48  -0.00 -0.6 o 0 0 2 14.76
-C.445  -0.00 -0.4 2 6 0 0 13.78




Comparison of the tables reveals that, while there are small

differences in the coefficients of the two models, the only large
differences are:

(a) 1In the series for Io the Eckhardt model contains a term,
76"42 cosF, which has no counterpart in the Koziel model.

(b) 1In the series for p the Eckhardt model contains a term,
76746 sinF, which is also missing from Koziel.

{¢) 1In the series for t the Eckhardt model contains a constant
term of 25427 and a 250 day periodic term with an amplitude of
1427 which do not appear in Koziel. Furthermore the coefficients of
the triennial term differ between the two models by 2646,

The additional terms in Io and p serve to increase the amplitudes
of the monthly variation in these librations by about 60%, as shown
in figures 1 and 2. These terms are the result of incorporating the
third harmonic of the lunar gravitational field into the libration
model. Figure 3 shows that there is a large difference in T computed
from the two models resulting from the factors listed above. This
longitude offset is approximately 230",275" and 290" at the times of
Apollo 15,16, and 17 respectively.

These libration parameters can be expressed as variations in the

right ascension and declination of the pole of rotation and the
yotation rate using

a = tan~1 cos{(nn + o) sin{l + p) cose - cos(I + o) sim:]
P -gin(Q + ©) sia(I + p)

5§ = s.’m-1
o

cos(t + o) sin(I + p) sine + cos(I + p) cose]

and

Rotation Rate = 13°1764/day + %%
where 2 is the longitude of the descending node of the lunar orbitg,
I is the mean inclination of the lunar equator with respect to the
eclipric, and € is the obliquity of the ecliptic. The variations in
these parameters are shown in figures 4, 5, and 6,




369 } w

1

180

Lo

~63

-128

-182

-240

assemn

+ +
L E
¥ + + +
L3 Ll o Lad (-] L ad L
Lol L ad L 3 - P P »B
- — v - - - -
- - - -— - - -
- -~ - -« ~ -~ ~F

ECKHARDT HMOD=L

x021EL HODSEL

POCR ORIGINAL

300 1 la + 0% ~
g .\ -

4 o 4 + o

o d

' . A

(X ! L]

sS40 m 240 | . "
- f -

120

60

68

-120

-+ «130 ¥
4 + T
4 +
-240 4 t + 4 + =240 ¥ + + + +
ol (-] L4l £ L ad (-3 e =] w [~} WY (=] [al .
- o »~ e " L 4 ~ 4l Lad -4 -0 L1 r~ 3
~ - -~ -r - - - R 3 ~0 - - bd LY
- - — -— v = - - - -— - - -
s -~ -~ -~ ~ - -~ -~ - - ~ & ~
MODIFIED JULIAN DAY

LIBRATION IN NODE

FIGC. 1




R

"
n

SELLLDS OF

180 1

60

-&0

~120 1

-1e0

=240

EERE )

+

i

[ARFT IR e B |

£115% +
41100 ¢
Q110 4
41170 ¢+

COXHARDT MQOOEL
KoZIgy HODEL

41175 ¢

41180

300 T

130

120

&0

-40

-129

-89

-240

ceec 16

L1418

L1420 ¢+

HODIF1

LIBRATION

I"16G.

m 4regs 4

)]

I'N

£

41435 4

o 416s0 4

[
™
o
»
>
<

300

150

120

(1

=120

=130

=240

PCCR

— N
Vi

INAL

b
+ *

Fe ¥ §

A

1630

£106%% 1+

INCLINATION

. ATGED 4

€150% 4

L1670 ¢

L3675 4




POCR

O.\. uii

AL

<20 + w20t - . 4200F . [
T . 1 l‘ E C
[N tho \-\ /'- 360 ‘
) .-“\_‘ i -~ ‘
loo -+ -+ "oo g £ S ‘ou -
<+ 4 <+ a L i
:‘a L . z‘o - - z‘o +
1\-__/__-—-.__ [ *
106 + ve + 120 ¢ o T t30 1 "~ 1
- = e
i ° - r o . T [ o
1 ° | | S 1 ! S ¥
-+ b . a
120 2 t 120 + b T 120 + 2 »
- L ~L
ao... T '.
1 X . e ]
ga{ ) L0 AT U EL 60
0~ -+ 0 9 - o + -
.l. b + F +~ . seore te, .
*.-..-‘.-..‘1...-'-‘. e e - + "‘ Treset r
-ao% S T -8t 7 T -60 .’ -
..- ‘.
~120 I . + + > 120 —t ¢ + t -120 + + ' ¢ v + +
=Y .9 <3 - o ™ Lo we & e o w [ =] e (& ] [y v o o %)
o~ - 3 Iy ~ ~ - - ~ ~ " " ~ - w v o ) ~ ~ P
- - - = Z = = * x * 2 £ = Z = 2 2 2 22 2 ot
Z % > o ~ - - - -~ ~ - - -~ ~ - 4 - - - ~ %
MODIFIED JULIAN DAY

CCXHARDT HODEL
«ensse KOZIEL MODEL

LIBRATION

i,

IN LONGITUDE

3




ST AN -

c73 40 1

7y 3% 4+

2ry 3o ¢t

Z73 2% ¥

27y 20 v

273 13 1

APQLLE 1%

Fry 1o 4

&73 03 T

273

2I2

s

TF2 A3

L1150

(AR 3
L1180 4
LY 1LY 1
L1170 ~

— g {KHARDYT HODEL
ssvse= XOZIEL HODEL

$i17% 2
L1130

273

I
Sy

273

2

273

273

AFOLLD 16

41415
L1420 ¢+
C L1430 4
41433 ¢+
L1440 +
41445

—

2y
2n
2y
P33 ]
73
273
273
273
273

s

1is

272

212

272

RIGHT ASCENSION OF POLE

APOLLO 17

L1650

416%3 +
L1660 ¢
41605 <
41670 7
L1675 |
LiL2t



s ALD HINUTES

67

L7’

67

o7

&7

&7

87

%4

&?

1.}

Ll

te

30

<%

L0

3%

30

20

13

03

00

53

¢

“%

FERE R

ases,

o
-
(=]
- -t -+
—
[~]
o
-«
- -
- -
T +
4 -+
T |
- +
+ +
e E
M " & + i
s L L L T L
L% 3 o e [ e o e [+ ]
-t s -3 = - - -
- - - — - - -
- - — - - - -
- ~F ~F - - 4 ~F

ECKHARDT HODEL

x021EL HODEL

&7

. b?

o7

(Y4

67

&7

&7

T4

&7

(3]

1)

ot

P L T}

so +

43

w0t

25

oLLD 16

A

§

at s T
[ N

10T +
°3 2
00 T -+
3% T +
50 T +
(3} + y t + +
oy o -w o Lad o Ll
- ~ ~ e Pl -f -
= 0+ r = =z =
: - L4 - ~ - -
MOOIFIED JULIAR DAY

N 14

(14
(14
o7
&7
&7
&7

or

87

(14

&7

bo

bd

(.1

30

4%

49 1

33
30
23
20
13

10

0 -

¢0

3%

30 1

&3

DECLINATION OF POLE

FI1G. 5

Lo

&FOLLD 17

- ML
4 & + "
+ + + t +
o Lo o L (=] L
- Lo [ ) <3 ~ ~
< Rl < - D >
- - - - .= -
-~ - - -~ ~ -~




PER DAY

GREES

15,178 i3
13.4V77 4 +
$13.176 ¥
13.97% ¢
13,174 T e T
-
o
+ - -+
el
F=1
[- 9
-
13.122 T T
13.122 + ¥ + + ¢
o w o o o " )
prd wr < < ~ ~ "
- - - - - - -
- - - - - -— =
- - ~F -~ -~ - -y

——— ECKRHARDT HOOEL
eveses xD2JEL HMODEL

13,172

13,127

13.174

13,173

13.174

13.173

13.172

-+ 4
4
+
+
s
+ -° -+
- LY
o
+ -t -~
-
o
-
-~
- K o
+ -
A 4 + M 3
T * T ¥ Y
Ll o LA < L [=] v
- N ~ ” ” ~F ~
=~ -~ o - -4 ~ ~r
- - - v - - -
~F - - 5 o - -
MODSFIED JULIAN DAY

ROTATION RATE

1.

G

15,078

a7

OilGINAL

13.176 +
-+
13,979 +
13,174 ¢ ~
o
-, -
-
N =1
[+ 9
L
13173 %
13,172 - + + + + ¥
L] e (=] 2l (=] sl
WY e -3 €O L9 L
- ¥ ~ - -0 L
w— - - Ll - -—
~ - - -5 ~r )

S W



Since g = (Io)/I= 37(Io) appecars in the expressions for a
and O., the variations in these quantities are considerably larger
than tRosa seen in Io and p. However, the rotation rates computed from
the two models agree to better than OV3 per day which shows that
there should be no problem in fitting the photographs into a single
adiustment no matter which model is used.

On the other hand there is a significant difference between the
Selenocentric coordinate aystems defined bv the two models. A point

on the lunar surface (x,y,z) can be transformed into the ecliptic
coordinate system using

x! x
vl = RaCn- @) Ri¢-D Ra(-8) |y

z! z

where
a=Q+g¢

T=mI+0p

gwF-0+=%

and Ry is a rotation about the i-th axis through the argument. The
inverse transformation will, of course, result in the original position
(x, y, z). However, if the Fckhardt model is used to transform the
position into the ecliptic system and the Koziel model is used for
the inverse transformation, the resulet will be (x + 8x, y + &y, 2 + Az).

Using differentials the following expressions can be derived
Ax » -yAB — z sin® AL +.(= sinl cosd ~ ¥ cosi)AQ

Ay = xA3 - z cosO 41 - (z sinl sin@ - x cosf) AR

- -

sz = (x sin0 + ¥y cos8) Al - (x sinl cesd - y sinl sing) AR

vhere
bé = g (Eckhardt) - o (Koziel) = % cosF
Ai = p (Eckhardt) - p (Kozfel) = A sinF
65 = 1 (Eckhardt) - t(Koziel - Aé = B- % cosF

=16~




in which

A » 76" expressed in radians

B = 254" - long period terms (also in radians)

Let the unit of length be the lunar radius and consider the point
with ¢ = 0, A = 0, h = o in the Selenocentric system defined by the
Fckhardt model. In Koziel coordinates we have

x+ Ax = 1

vy + Ay = A® + A% cosl

= B "% cosF + % cosF cosl

B

AT sin® - AQl sinl cos®

z + Az
=-A sinF Sina _,% cosF sini cosé
= -A sinF sing - A cosF ccsa = A cos(F - é)
= ~A cos (o-1)
Since ¢ ~ T varies between plus and minus 2°, z + Az = ~A, and
Ap = sin~t (~A) = 76"
AX = tan 1 (B) = 254" + long period terms
This shift of the Moon's principal axis was reported by Williams et al
(1973). Following the same procedure for the peint ¢ =0, 2 = 900, h = o,
obtains
Ad T o
Ax = 254" + long peried terms

Hence the differences between the selenccentric coordinate iystems
defined by the two models are approximately:



(a) a rotation about the y-axis of 76"

(b) a rotation about the z-axis of 254" plus long period terms,
resulting in 230" for Apollo 15, 275" for Apollo 16, and 290" for
Apollo 17.

The longitude differences between missions would create a problem
if the Koziel model were to be used and the tracking ephemeris
rigidly enforced. DMA used the Koziel model, but did not hold to
the ephemeris. 1In this block adjustment the ephemeris positions are
not enforced and the Eckhardt model is used. Therefore, both adjust-
ments are internally consistent, but since they are referred to
slightly different selenocentric coordinate systems, there will be
differences in the reported coordinates. These can amount toc as much
as 76" (640 meters) in latitude at A = 0° or 180° and 230" (1,938 meters)
in longitude for points on the equator.

4. Mathematical Model for Lunar Orientation and Rotation

Since stellar camera orientation is computed in the celestial
inertial coordinate system, and this orientation is transferred to the
lunar surface via the calibrated locking angles between the stellar
and mapping cameras and the photogrammetric solution, it is possible
to compute the orientation and rotation rate of the Moon (physical
librations) purely from the photogrammetric data. This requires the
formulation of a mathematical model between the fixed (celestial) and
the rotating {(lunar) coordinate systems.

4.1 Relation between Inertial (XYZ) and Arbitrarily Oriented Rotating
(X'Y'Z"') Coordinate Systeas

Assuze (X.Y,2Z) to be a rectangular inertial coordinate system and
(X',Y',Z') to be a rectangular coordinate system rotating around its
Z'-axis. Let the right ascension a and declination § be the two
angles defining the orientation of the axis of rotation Z' in the
fnertial system (X.Y,Z). Furthermore, let & be the rotation angle
of (X',Y',2*) system around Z'-axis (Figure 7).

The rotation between (X,Y.Z) and (X',Y',2') is given by the
transformation matrix [g] , made up of three sequential rotations
a, &, and 8.

X X'

Y| <fu] |

Z rA




Figure 7
Fixed Inertial and Rotating Lunar Coordinate Systems



cos ¢ -sin a o sin & o cos & cos B =sinf o

[1] =lsina «cos a o 0 1 o sin 8 cos8 o (4-1)

o ) Y|{-cos 8§ o sin § 0 0 1

The three angles a, 8, and 8 could be assumed to be time polynomials
of the form:

i=n

Y, (rotation} = ;E: KYi (t)i {yt = utgﬁt.Bt}
=0

where,

Ky; are unknown polynomial coefficients, and
t is time from epoch ty:

It is anticipated that in reducing Apollo data, a and § rotations will
be held constant for each mission and 8 will be a common first order
time polynomial for all missions.

4.2 Photogrammetric Constraint for a Camera Photographing a
Moving Object.

The condition for the instantaneous collinearity of an object

point, lens perspective center, and point image is expressed by
the equation:

i

o RN R R R e

- [»4] [L] 243 (4-2)
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is a vector of image space coordinates of image point.

-
X
%
X {s a vector of object spacec coordinates of object point.
)
XF

{s a vector of object space coordinates of lens center

Y a conmstant of proportionality

[ﬁ] rotation matrix relating inertial and image reference
systems

[ﬁ] rotation matrix relating selenocentric and inertial
reference systems.

Eliminating v from equation (4-2) results in two condition
equations which express the geometric requirements for collinearity
of object, lens center, and image points.

o=F, = x, - x3 X /X, = xy - a3
1 1 1773 1 (4-3)

0= Fp = X3 - X3 x;lx; = x, - b x3

Linear approximation of equation (4-3) can be obtained by
employing a Taylor expansion, neglecting gsecond and higher order terms:

Axl o Axi
8Fy 1 0 -a 1 0 -a
L
= sz - CO o sz (4 _4)
ar,t o 1 -b° 0o 1 -b
AX4 AX]
3

vhere, superscript o denotes evaluation at the point around which
Taylor expansion is computed. In order to maintain compact notation,
the superscript o will be dropped in subsequent formulations.

In equation (4-4)

AF, = a Xq = Xy

1
AFZ =b xq - X3

c = xq, /X
377,




@ Equation (4-4) in matrix notation is:

oF = [] ix - ¢ [A] ax" | (4-5)
- ] [0RR - ({9
' - [AH] [L] T+ [M][A;] X+ [M][L] o2 (4-6)

Applying the notion of differential rotation vector to equation (4-6),
that is,

[AH] - [sﬂ)ﬂ] [M] (4=7)

in which, [Sz ] is A 3x3 skew-symmetric matrix in the elements
T ‘
M

(¢t , 8T , 6T 3) of the differential rotation vector AT,
¥, N7 M M

2 - g )0 2+ Ba )1 2 - 0 B
[s2,] % + (lloa) 7+ M [ &
-] & -Blg] AP o

Substituting (4-8) into (4-5) results in the condition equation

[A] ax + C [A][ ;.'] ATy + ¢ [A] [M} Sgn A?L
+C A] [‘HJ[L.\ i C - c[] LnJ [1 28 y

sra] ax 4+ [] a‘r + i-c-‘ 2T, + [D Aic - Ln] ax (4~9)




4.3 Relationship between Differential Botation Vector A%L and
Differentials of Rotation Angles (a,, &, 08,):

It is possible toprove the following relations:

0 sina 2—13 A ﬂt

nsz 0 -cos o 1,4 A S,

1 0 L

33 &9,
[1} = [111] , 1=1,2,3, §=1,2,3

Now assume that only 8, changes with time according to the expression:

- 2
at eo + al: + ez t ( 4-11)

Then equation (4-10) can be written as:

0 sina 113 1 0 0

ATL w| 0 «cos a 223 0 1 0

1 0 13l o 0 epme e 1ot t2

Equation (4-12) can be substituted into equation (4-9) resulting
in the complete form of the photogrammetric condition equations.

5. Unified Least Squares System (ULSS)

Because of the complexity of the computations involved in the
Apollo triangulation, it was necessary to employ a rigorous least
squares solution.

ULSS is a software package which allows for automated application
of least squares principle in any adjustment program. The advantage
of ULSS is that adjustment programs of varying degrees of complexity
can be economically constructed. Furthermore, the unification of
least squares application inco a single software module allows the
best guarantee of theoretical and computational integrity of the
adjustment operations.




The best way to describe the operations of ULSS is to show its
role in a typical adjustment system. Fipure 8 1is a genceral functional

chart of an adjustment system employing ULSS. The diagram presents
ULSS in terms of four major components:

(a) Data Structuring Module:

The function of this module 1s to change the structure of
input data to a special structure which conforms to "autoray" algorithm
for least squares solution. The special data structure is built up
into the "Structured Observation' data store within the "Data Base.”
The data structure produced by this module directly affects the degree
of optimization of least squares computations. Data structuring is
guided by the parameters which define the adjustment network and by

the order in which indirect observations are handled in this program
module.

(b) Least Squares Module:

This module operates directly on the "gtructured Observation"
data store. It adjusts the contents of this data store through the
rigorous application of the least squares principle.

In the course of its operation, this module assumes the
regponsibility of delivering all the needed parameters Lo the approprilate
"Condition Equation Generator" which in turn evaluates condition
parameters and hands ‘it back to this module for proper disposition.

(¢) Error Propagation Module:

The inversion of the coefficient matrix for the normal
equations takes place in this module. The result of the matrix

1aversion is stored back into the appropriate places within the
*Structured Observation' data store.

(d) Data Restructuring Module

This module operations are essentially the reverse of
those performed by rhe Data Structuring Module. The contents of the
ugeructured Observation' data store arc transformed back into a
structure similar to that of input data to the Data Structuring
Module. The restructured data are placed in the "Unstruetuvred
Ohservations' data store within ULSS Data Base.
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Functional Chart of Unified Least Squares System

Figure 8
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The capabilities of ULSS arc best reflected by the various
parameters required for the definition of an adjustment network,
ULSS needs object and observation characteristics to guide its
operations,

The object under adjustment is characterized by;

(a) Number of object elements (object points, camera parameters,
orbit parameters, camera station altitudes, etc.) Ten object elements
can be accommodated in the present version of ULSS.

(b) Optimization priorities of object elements. These priorities
are needed to guide least squares solution optimization.

(c¢) Assigned number of characters that identifies members of
object elements.

(d) Number of components in the primary parameters of each object
element. ULSS presently limits this number to seven. An ocbject

element which requires more components may be subdivided into more
than one object element.

(e) Number of components in the auxiliary parameters of object
elements. The auxiliary parameters are usually direct functions of
the corresponding primary parameters.

(f) Maximum number of members in each object element (object
points, cameras, orbits, camera stations, etc.)

(8) Llogical identification of four data sets for each object
element.

(h) Flags identifying each object element as active or non-
active in relation to the least squares solution.

(1) Flags identifying the type of covariance matrices for each
object element. ULSS will handle full or diagonal covariance matrices.

Observations on the object under adjustment are characterized by:

(a) Number of different types of observations. ULSS in its
present form can handle up to ten different types of observations.

{b) Logical identification of Condition Equation Generator for
each type of observation.

(¢) Number of components for each observation type. The present
version of ULSS can accormodate un to four components.
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(d) Number of condition eqﬁations resulting from each type
of observation.

(e) Number and logical identifications of object elements that
participate in each type of observation,

. {f) Logical identifications of two data sets for each type of
observations.

(g) Flags identifying each observation type as active or non-
active in relation to least squares solution,

(h} Flags identifying the type of covariance matrices for each

observation type. Full and diagonal covariance matrices are
allowed in ULSS.

6. Photoprammetric Orientation of the Moon

The presence of a terrain camera and stellar camera on the Apello
15, 16, and 17 missions provided a unique opportunity to perform an
independent determination of the orientation of the Moon with respect
to the stellar coordinate system. In view of the limited coverage and
duration of the three Apollo missions, only a simplified model for
the Moon's orientation could be considered. The selected model assumed
a fixed orientation for the Moon's rotation axis expressed in terms
of the right ascension a and declination § of the north pole. It
also assumes the Mogn's rotation rate around its axis to be a linear
function of t and t°. The model can be used directly to compute the
Moon's orientation parameters or it cam be used to compute deviations
from any one of the established libration models of the Moon. This
second use is of special interest for the following reasons:

(a) Complicated libration models of the Moon cannot be directly
evaluared from the limited photogrammetric data available.
However, deviations from these models, which can be assumed
to have a simple mathematical form for the duration of the
photographic mission can be computed.

{(8) The absence of statistically significant deviations from any
of the established Moon libration models is a very strong
assurance of the integrity of the data used in the photo-
gramzetric computations of surface coordinates.

The parameterization of the Moon's orientation {s described in
the mathecmatical codel given in Section 4.
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Estimation of the orientation parameters were conducted in
a rigorous least squares solution. The task of building the
necessary software for the adjustment problem was greatly
simplified by the software package entitled ""Unified Least Squares
Solution (ULSS)," which is described in Section 5. Two separate
solutions were computed for the celestial orientation of the
axis and rotation rate of the Moon during the Apollo 15 and 16
Missions. Furthermore a separate solution was conducted for the
computation of the deviationms of the photogrnmmetric orientation
of the Moon from the Eckhardt libration model.

6.1 The Apollo 15 Libration Solution

The data employed in the Apollo 15 solution are given in
Table 4. The photographs were selected to give a compact block
across the widest part of the total coverage, thus including both
first and last photographic passes and encompassing the maximum time
span. The results of the solution are shown graphically in
figures 2, 10, and 11. The diagrams show the computed values and
the 99 percent confidence region derived from the ULSS. Also shown

on each diagram is the value of the parameter as given by the
Eckhardt libration model.
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Table 4
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Figure 11
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6.2 The Apollo 16 Libration Solution

A similar solution was performed to determine the libration
values during the Apollo 16 mission. The data cntering this
solution are listed in Table 5.

The results of this solution are shown graphically in
figures 12, 13, and 14.

6.3 Deviations of Moon's Photogrammetric Orientation from Eckhardt
Libration Model:

In both tie Apollo 15 and 16 computed libration solutions, the
Eckhardt values fall outside the 99 percent confidence limits for
the photogrammetric parameters. This undoubtedly means that the
data set was insufficient to determine absolute values of the
parameters. For this reason a central photographic bleck from the
three Apollo missions was chosen for the computation of deviations
of the Moon's orientatfon from the latest libration model published
by D, H. Eckhardt of Air Force Cambridge Research Laboratories at

Hanscom Air Forcc Base in Massachusetts. A summary of the photogram-
metric data is given in Table 6.

The computations invelved the evaluation of 13,289 condition

equations with the resulting system of normal equations containing
5282 unknowmns.

Results of the least squares scolution showed deviations between
the photograrmetric determination of the Moon's rotation axis and the
corresponding values obtained from Eckhardt's libration model to be:

"

0" + 12' 56" 1in declination of north pole
and

0" + 12" 55" in right ascension of north pole.
Deviation in the rate of rotation of the Moon were found to be:

- 0.529 10712 + 6027 10712 rad/sec for the t coefficient
and

-19 o -19
- 0.833 10719 + .7582 1071° rad/sec for the t’ coefficient
These deviations are statistically insignificant and provide positive
assurance of the integritv of data used in the analytical triangulation
of the Moocn's surfzce points.
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Table 6

Data Employed in Three Mission Libration Solution
Number of photos 306
Number of surface points 1044
Number of image points 6575
Average number of images/surface point 6.30
number of laser altimeter ranges 139
Flight duration (Missfon 15) 4% 147 36" s9°

(Mission 16) 3% 19" 137 18°

(Mission 17) 44 22" s3™ 348

Photographic coverage:

Longitude (39° 47' 26') to (104° 43' 01") 64°

Latitude (-11° 54 15™) to (13° 11° 23")

25°

A priori estimates of standard deviations for image

(Mission 15) 9.7

(Mission 16) 19.7

(Mission 17)

7.8

55' 35"

05' 38"

coordinates
pm
ut

pm
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7. Selencdetic Control Netwdrk

The simultaneous solution for 1244 exposure station positions
and ground point coordinates for the three Apollo missions 15, 16,
and 17 represents the largest single photogrammetric network which
has yet been attempted. The normal equations to be solved for 23,000
unknowns would occupy more than half a billion storage locations. To
reduce this problem to manageable proportions, some techniques that

are in standard use in analytical photogrammetry, and some that are
not in general use, were employed.

7.1 Bandwidth Minimization

Any large photogrammetric network produces a normal equation
matrix which, while it is very large, is also very sparse. Of equal
importance, the structure of this matrix is known, and to a large
extent can be controlled by the photogrammetrist. By judiciously
selecting the order of the unknown parameters, storage of large
blocks of zeros can be avoided, thus reducing the computer memory
requirement. A standard technique. attributed to D.C. Brown (1958),
provides a tremendous saving by eliminating the contribution of all
unknown ground points from the matrix that must be retained in core
storage. The full normal equation matrix can be partitioned

a1 ! X L

= (7_1)
Bl ¢ A

where A Is quasidiagonal with 6 x 6 submatrices along its diagonal,
one for each frame of photography. Likewise, C is quasidiagonal
with 3 x 3 submatrices, one for each ground point, along its
diagonal. By standard formulas for Inversion of partitioned

matrices

-1 BT

K = (A - BC -1

)] (7-2)
M=ct4clpTgpe? (7-3)

and

But since C is quasidiagonal, the unknown ground points can be pro-
cessed sequentially, without forming either B or C, to obtain a
reduced normal equation matrix with the dimensions of A, i.e.,

K= (A - Zai c;l aiT) -1 (7-4)
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Once K has been computed, the covariance matrices of the ground
points can be computed sequentially from

RS S T -1 }
Mi Ci + Ci Bi K Bi Ci (7-5)

Of course, application of (7-4) destroys the quasidiagonality
of A. A ground point on both the photo represented by the ith
diagonal block, and the one represented by the jth diagonal block
will produce an off-diagonal, non-zero block at location 1j. But
since there is a physical limit to the number of photos that can
see the same ground points, the reduced normal equations will still
be relatively sparse. Judicious ordering of the photos within the
original A matrix can keep the nonzero elements close to the diagonal
to produce a banded matrix, whose bandwidth 1s the distance from the

diagonal, recorded in 6 x 6 submatrices (or photos), to the farthest
off-diagonal nonzero block.

The bandwidth of the reduced normal equations is extremely
important because, using a block-bordering algorithm, the matrix
inversion process requires that storage be allocated for only
m(m-1) submatrices of dimension 6 x 6. The remainder of the matrix
is stored temporarily on disk and read into core, m blocks at a time,
to replace m blocks that have been operated upon and output to disk.

Two attempts were made to minimize the bandwidth of the Apolle
photo block using intuition and experience. It 1is well known that,
for regular, parallel strips of photography, minimum bandwidth results
from numbering the photos across, rather than along the strips,
provided that the number of photos in a strip exceeds the number of
strips. Thnerefore, the first approach was to apply cross—-strip
numbering to the approximately parallel passes of missions 15 and 17
and to integrate the mission 16 exposures into this numbering scheme
in 2 seemingly logical fashion. This method was used to reorder a
300 photo block from the area of most dense coverage and resulted in
a bandwidth of 83 photos requiring a minimum storage of 249,498 locations.

The second method was essentially cross-strip numbering using
imaginary strips parallel to the long dimension of the block. The
nadir point of each photo was plotted, and a line was constructed
through the center of the plot approximately parallel to the long
dimension of the block. A template was then slid aleng this line and
the photos were numbered In the order in which their plotted positions
were encountered. This method reduced the bandwidth of the 300 photo
blocks to 39 photos requiring 126,378 storage locations, but produced
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an 84 photo bandwidth when applied to the total block,

Finally, it was agreed that {ntuition was inadequate for this
task, and a National Geodetic Survey adaptation of the U.S, Naval
Ship Research and Development Center's BANDIT Program was employed.
This program utilizes a bandwidth minimization algorithm developed
by Cuthill and McKee (1969)., and is being used by NGS in the
readjustment of the North American Datum., Modifications of this
program for use with the Apollo data required several weeks, but
proved to be time well spent. The bandwidth of the 300 photo block

was reduced to a very tractable 45 photos requiring 73,710 storage
locations.

When this program was applied to the total Apollo block, the
bandwidth was reduced to 60 photos. This was an extremely
fortuitous result, since the maximum bandwidth that could be
accommodated by the CDC-6600 computer was 65 photos.

7.2 Block Adjusiment

Before attempting a simultaneous adjustment, each mission was
adjusted individually. This provided: (a) a means for fdentifying
and deleting measurement blunders, (b) a realistic estimate of the
image measurement precision for each mission, and (e) better values
to be used for initial estimates of the exposure station positions.
The individual adjustments were performed on the CDC~-6600 coumputer
using the MUSAT IV Program (Elassal et al, 1970). The observed
variables consisted of image coordinates, which were assigned a
standard deviation of 10 micrometers, and range measurements, assumed
to have a standard deviation of one meter. The unknown parameters
were the orientation angles of each frame, which were weighted using
the cevariance matrices obtained from the stellar reductions, and
exposure station positions, which were unconstrained.

A large nusber of measurement and/or identification blunders
were detected. Most of these were on Mission 16, which, as mentioned
earlier, had not been previously edited. Since the initial density
of measured imapes was so high, especially cn Mission 16, deletion of
these blunders caused ne significant deterioration in the grometric
strength of the observaticas. Therefore, no attempt was made to
recover any of these images.

From the individual missicn adjustments estimates obtalned for
the standard deviation of unir weight of an izage coordinate were:

Migsion 15 - 9.7 um
Mission 16 - 19.7 um
Mission 17 - 7.8 u=m

-41-




These figures indicate that the measurement error on Mission 16 is
more than twice that of the other two missions, This is not quite
correct. On Mission 16 there are probably a number of "slight
misidentifications'" which tend to inflate the measurement error. For
example a terrain feature may be selected and measured on three
consecutive exposures of a single strip with a high degree of pre-
cislon, but on an adjacent strip a different part of that terrain
feature may have been used because of the change in sun angle. The
second set of measurements may be equally precise, but a much larger

standard deviation will result from combining these two sets of
measurements.

DMA-AC recognized this problem In the measurement of Missions
15 and 17. When this situation arose, and if other images in the
same area fit across the strips with small standard deviations, they
assumed that they had measured a near, but different, terrain point
and assigned a new name to it. See, for example, points D6588 and
D658H on page A-9 of Appendix A. Since neither point is a sig-
nificant landwark whose position is of prime importance, there is
nothing improper., either mathematically or photogrammetrically, in
assumting that what was originally considered te be a single terrain
peoint is actually two very close points. A weak tie between the two
strips is sacrificed for a strengthening of the ties between adjacent
photos of both strips, and, assuming that a sufficient number of
strong ties between the strips exist, the standard deviation of the
image measurements has been improved.

In each individual mission adjustment the exposure station
positions obtained from the tracking orbits were used as initial
estimates, but were permitted unconstrained adjustment. However,
the position of one exposure station on each mission was held fixed
and served as the only positional constraint. Therefore each mission
was initially adjusted to its own arbitrary origin of coordinates.
Eventually one terrain point, 22051, was chosen to be the only
positional constraint for the simultaneous adjustment. This point is
near the center of the block, appears on at least three exposures in
every mission, and obtained small image measurement residuals in all
individual =zission adjustments. The mean of the three positions
ebtained for terrain point 22051 from the individual adjustments was
assigned zo this single control peint.

In the simultanecus adjustment, as in the individual adjustments,
the laser range data were treated as observed variableg with a
standard deviation of one meter, and they provided the nccessary scale
constraint. The imape coordinates completed the set of observables
and were assigned the standard deviation of unit weight for the
mission to which they belonged as derived from the individual adjustments.
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A total of 51,138 image coordinates and 519 altimeter observations
were used in the solution.

There were three types of parameters computed in the adjustment.
The three orientation angles of each frame were parameterized, but
assigned, a priori, the covariance matrices obtained from the stellar
reductions. This set of constrained parameters furnished the
orientation of the block. The remaining parameters, the positions
of all exposure stations and the positions of all terrain points
(except 22051), were completely unconstrained. No orbital con-
straints of any kind were employed; the position of the entire block
was established by the single control point 22051. 1In all, 23,436
paramcters were determined: three position and three orilentation

components for each of 1,244 photographs and three coordinates of
each offf5,324 terrain points.

As in the individual adjustments the MUSAT IV Program was
employed. Five iterations were required; three for the first edit
cycle and one for each of two additional edit cycles. The simultaneous
adjustment required the entire memory of NOAA's CDC~6600 computer
(330,000 octal words) and took 14 hours of clock time (4 hours and
40 minutes of central processor time). Every three hours the pro-
cessing was interrupted and the total computer environment, including
the contents of all disk files, was recorded on magnetic tape in order
to provide a restart capability in the event of a malfunction of any
type. This proved to be unnecessary due to the diligence and cooperation

of the computer operations staff, and the total adjustment was completed
on the first try.

Since the position of the block was determined by an assumed
position of one terrain point, the computed positions of all exposure
stations and terrain points are consistent with one another, but are
referred to an arbitrary orgin of coordinates. DMA used the tracking
ephemeris of revolution 44 of Misgsion 15 as position constraints and,
thereby, referred their mapping to the center of mass of the Moon as
defined by that orbit. 1In order to minimize the discrepancies between
the XO0S/CS computed positions and the DMA resulrs. the same coordinate
origin was chosen. After the adjustment had heen completed all positions

were translated, but not rotated, ro best fit the tracking ephemeris
of revoiution 44 of Mission 15.

7.3 Results of Block Adjustment

A suznmary of the resules of covariance propagation te the cnmputed
terrain polat positicns is shown in figure 15. The standard deviations
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in horizontal position, shown in this figure, are radii of probability
circles, i.e.,

/2

2 2 2 1
GH = R(a¢ + o, cos $)

where R is the mgan Eadius of the Moon, 2nd the varfances in latitude
and longitude (c¢ 2Oy ) are in (radians)®. There was little difference
between the standard deviations in horizontal position, Oy, and
elevation, op, for the individual ground points represented by these

bar graphs. For 70% of the points, % is less than 30 meters, and

for 74%Z, o, i3 less than 30 meters, a result that is quite respectable
in comparison with previous lunar control networks,

Slightly more than one percent of the points have standard devia-
tions greater than 100 meters and a few exceed 1,500 meters. The
reason for the lack of precision in the positions of these points
becomes obvious with reference to figure 16, which shows the spatial
distributions of the standard deviations, Oy and o,. The shaded
areas, inside the o = 30 meters contours, are essentially the same on
both maps and coincide with the area of most dense photo coverage and
laser ranging. 1Inside these areas, there are a few points at which
¢ > 3O meters (see Appendix A), which are the result of a terrain
point having been observed on only two or three photographs. Near
the ends of the strips, all points are observed on no more than three
photographs, and there is a substantial increase in the standard devi-
ations as seen on the left-hand edge of the maps. On the left-hand
edge, and particularly the lower left, the absence of adjacent passes
combined with the complete lack of range observations causes a very

substantial increase in g and a tremendous increase in Oy~ Cbviously,

the photogrammetry was incapable of extrapolating over large distances
without benefit of scale control, but initially it seems strange that

horizontal position errors should increase more rapidly than elevation
errors.

The photographs in this area are all from mission 16. Strip G
of that mission terminates at a point necr the 120 meter contour line
for horizontal position. The area to the east of this point is covered
by both strips ¢ and R, with a range observation controlling the scale
of each frame of strip G. West from this point, there is only strip R
and no range observarions: 2 situarion similar ro the classical
cantilever extension, except that the attitude orientation of each frame
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ig well determined from the stellar data.

Since the uncertainties in the terrain point positions are
directly related to uncertainties in the positions of exposure stations
from which they are intersected, it is Iinformative to consider the
standard deviation in the exposure station positions. From Table 7,
in which the standard deviation in horizontal positions of the
exposure stations are separated into components of Northing and Easting,
it is apparent that the increase in g, is almost entirely the result
of uncertainties in Easting, which is the along-track coordinate,

Table 7
Components of Standard Deviation for
Selected Exposure Stations

Frame Standard Deviation in Frame Standard Deviation in
No. Northing Easting Elevation No. Northing Easting Elevation
Gb6 28 64 48 R48 29 64 49
G67 29 67 49 R4Y 30 68 51
G68 30 71 51 R50 i1 74 54

R51 31 95 60
R52 33 136 67
R53 38 201 76
R54 42 282 88
R55 47 378 103
R56 51 485 122
R57 56 601 147
ns8 59 727 177
R59 60 862 213
R&60 61 1006 256
R6l 59 1156 305
R62 57 1311 362
R63 55 1471 427
R64 55 1636 499
R65 39 1804 578

The along-track coordinate is almost entirely dependent upon scale
transfer between stereomodels. It is well known that scale transfer
dependent upon image points only increases as the square of the number
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of models. Prevention of this scale error propagation was the
fundamental reason for including the laser altimeter observations as
a scale restraint. The lack of altimeter data in the western limits
of Apollo 16 is undoubtedly the major reason for the along—track
uncertaintics.

As mentioned above, strip R, frames R530 through R65, approximates
a cantlilever extension in which the uncertainties in elevation would
nermally be expected to increase at a greater rate than those of the
other two coordinates. Since the results shown in Table 7, in which
the along-strip uncertainties increase much faster than the elevation
uncertainties, are contrary to those obtained from classical cantilever
extension, it appears that the attitude constraints are reducing the
rate of increase in elevation errors. In order to verify this theory,
a computer simulation was performed. A strip of five photographs
was devised with the usual nine pass points per photo. There were
three control points, all inche first model, and the attitudes of all
photos were weighted so heavily as to remove them from the adjustment.
The results of this simulatfon are given in Table 8.

Table 8
Components of Standard Deviation
for Simulated Test

Standard Deviation
Photo No. Along Strip Across Strip Elevation

1 0.77 0.56 1.00
2 1.48 0.70 1.50
3 3.59 0.83 1.65
4 6.27 0.94 1.86
5 9.43 1.05 2.04

They show that. under the assuoption of precisely determined attitude
paramsters from an external source, the along-strip errors in a canti-
level exteasion do indeed increase at a greater rate than the elevation
errors. Hence the large srtandard deviations that appear in fipure 16
near the ends of the strips are a logical consequence of the distri-
butfcn of phote coverage and laser range observations.
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Since there is such a large area of the block in which the
standard deviations are less than 30 meters, and since all strips
pass through this area, the results of this photogrammetric adjustment
may provide a means for improving the post-flight orbit analysis, If
reliable orbits could be determined, using this approach, the uncertain-

ties in terrain point positions near the ends of the strips could be
vastly improved.

The computed positions of all terrain points are given in
Appendix A where they are organized according to accepted lunar map
sheets. Exposure station positions are given in Appendix B where
they are organized according to Mission and photographic Rev number.
Appendices A and B are published separately.

8. Conclusions and Recommendations

The work performed on this contract led to several significant
conclusions and recommendations.

8.1 cConclusions

(a) The total mapping camera coverage produced by Apollo missions
15, 16, and 17 was disappointing in extent. Most damaging was the
failure to complete an arc completely around the Moon. This would have
permitted the block triangulation to close upon itself rather than
hanging loose at the end of each mission. As a consequence, standard
errors of position and elevation would probably have been around
30 meters throughout the block, rather than building up to several

hundred meters at the ends of the unconstrained strips as shown in
figure 16.

(b) The integrity of the photogrammetric solution greatly
exceeded that of the orbital tracking data. Consequently the single
simultaneous solution performed by NOS/USGS may be expected to be
more homogeneous in accuracy and precision than the DMA solution
in vhich orbital constraints were emploved.

(c) The Eckhardt libration model used in the NOS/USGS solution
has appreciable advantages over the more primitive Koziel model used
in the DMA scliution. The choice of the Eckhardt model results in
significant differences in the selenocentric coordinate systems in
the two scolutions (sce page 18). Although the NOS/USGS solution was
eventually adjusred to the Apollo 13 rev 44 tracking data used as
basic contrel by DMA, this adjustment was a translation only and not
a totation. The consequence is that both solutions have their
coordinate origin at the same center of mass, but the superior
angular orientation provided by the Eckhardt libration model is
preserved in the NOS/USGS soliution.
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(d) The Apollo stellar data sets were inadequate to provide
a valid independent solution for libration parameters (see figures
9 through 14) but the correctness of the theory derived in
Section 4 is demonstrated by the statistically insignificant
computed differences between the Apollo solution and the Eckhardt
model as described in Section 6.3. This computation also demon-
strated that there is no inconsistency between the Apollo data and
the Eckhardt libration model. A similar comparison between the
Apollo data and the Koziel model could have been performed, bhut it

would certainly have shown the difference in angular orientation
described on page 18.

(e} The exposure station positons and ground point coordinates
computed in the NOS/USCS solution represent the most accurate and
homogeneous set of values obtainable from the Apollo photogrammetric
data. Any further refinement would be dependent upon:

¢ Improved and homogeneous positions for camera exposure
stations resulting from recomputation of orbital
ephemerides. These would be particularly valuable at
3 the limits of the coverage where the photogrammetric

error propagation shows large standard deviations (see
figure 16).

o -

¢ A grand simultaneous solution involving photogrammetric
condition equations, gravity model parameters, unknown
spacecraft thrusting, libration parameters, and space-
craft tracking data. However it is doubtful if the
limfted extent of Apolle data warrants such a solution.

(f) Although one of the original objectives of the research
was to compute 3 new lunar ellipsoid, the failure to close the
equator and the large standard deviations in coordinate positions at

the ends of the unconstrained strips made it evident that this would
not be a useful thing to do. '

8.2 BRecormmendations

(a} The most obvicus recommendation is that the photographic
task should be cowmpicted. One of the Breatest scientiiic disappoint-
ments of the Apollo Program was the failure to accomplish complete
photographic coverage with the metric camera. There is now no NASA
plan which will rectify this shortcoming. But it will be done some-
tire in the future -- if not by NASA, perhaps by the USSR,

(b) The exposure station positions given in Appendix B should
be used in any further attempt to refine the orbits of Apollo missions
: @ 15, 16, and 17. It is important to recognize the systematic dif-

3 ferences between these positions and those provided by the DMA
solution. These systematic differences resuli from the use by
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NOS/USGS of the improved Eckhardt libration model while the DMA
solution employed the earlier Koziel model. Thus the NOS/USGS

solution coincides better with the real geometric situation of
the Moon.

1f the exposure station values are used in any further attempts
to improve mission ephemerides, only those having standard
deviations of 30 m or less should be included, unless a sophisti-
cated weighting scheme is employed based upon the listed standard
1 deviations

; {¢) It is unfortunate - though perhaps inevitable - that the

i current lunar mapping program is based upon control established
by the DMA solution. The systematic differences between the two

solutions (up to 640 m in latitude and 1938 m in longitude, see

page 18) result in sensible displacements of the map graticule

J even at the smallest scale as shown in Table 9,

Table 9
Systematic Differences in Map Graticule
Resulting from Choice of Libration Model

Map scale Ad = 640m Ad = 1938m
1: 50,000 12.80 mm 38.76 mm
1: 250,000 2.56 mm 7.75 mm
1:1,000,000 0.64 mm 1.94 mm
1:5,000,000 0.13 mm 0.39 mm

Though there is undoubted merit in consistency of reference
system between map series, the change to the better system cught
to be made sometime. Perhaps it could be done for the new 1:1,000,000
sheets in the Apollo data area for which production is just beginning.
; It should also be done for the 1:5,000,000 map, although this would
a mean recomputation of all other control outside the Apollo area.

{d) Of fundamental importance is the identification of the
lunar surface fcatures whose positions have been determined by this
(and the BMA) solutions. The coordinates of these features are of
no use to anvone without the feature identification. These identi-
fications exist only as marked on the photographs emploved for men-
suration by DMA. A set of prints, films, microfilms - or any other
acceptable means - on which the selected points can be clearly seen
should be deposited in the National Space Science Data Center for use
by future investigators.




(e) Many more surface points were measured by DMA than were
used in the NOS/USGS triangulation solution. The positions of
these points can be easily determined by intersecction computations
using the already available exposure station positions and camera
attitudes. If it is elected to use the NOS/USCS control system for
any future mapping, the positions of these additional points should
be determined.
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